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First solutions to the no-three-in-line problem for n=33, 37, 39, 41, 43, 45,
48, 50, 52 and for certain symmetry classes for n=26, 42, 44 are presented. All con-
figurations with n16 have been generated. Further, the significance of a new
symmetry class for configurations which are almost as symmetric as those in class
rot4 is demonstrated.  1998 Academic Press, Inc.
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We consider a square n_n grid in the Euclidean plane. The task is to
mark as many of the intersection points as possible under the restriction
that no three of the marked points lie in a straight line. One can obviously
mark at most 2n points. The problem of finding for which n this value is
reached is known as the no-three-in-line problem. For a short concise over-
view of the historical development, see [1], [2].
Usually the solutions are partitioned into the following eight symmetry
classes: These having full symmetry (abbreviation, full), having only rota-
tional symmetry (half rotation, rot2; quarter rotation, rot4), having only
diagonal reflection symmetry (in one long-diagonal, dia1; in both long-
diagonals, dia2), those having only orthogonal reflection symmetry (in one
mid-perpendicular, ort1; in both mid-perpendiculars, ort2) and those hav-




Copyright  1998 by Academic Press
All rights of reproduction in any form reserved.
* E-mail: achimmathematik.uni-bielefeld.de. The author was supported by the Friedrich-
Schiller-Universita t Jena.
File: DISTIL 282902 . By:DS . Date:11:12:97 . Time:13:13 LOP8M. V8.B. Page 01:01
Codes: 3207 Signs: 2703 . Length: 45 pic 0 pts, 190 mm
Since the earlier publication [1]. I redesigned the branch-and-bound
algorithm and chose another order of tree pruning. This improved the per-
formance by a factor of four for the class iden and by a factor of three in
both rotational classes. I also generalized the data structures to go beyond
the previous bound of n=64 in the symmetry class full. I estimate that this,
together with increased computing power since 1990, has improved the
enumeration by a factor of about 30.
I didn’t find any further reference to the symmetry class full for n>64.
Moreover I noticed in this class that the maximal number of positions,
which were generated by my program and satified the no-three-in-line con-
dition, moved away from the demanded number 2n linearly in n, see [3].
The same effect I only noticed also in the class ort2. This seems to harden
the conjecture that there are no further configurations having reflection
symmetry in both mid-perpendiculars.
When I had a look at class rot2 for configurations with almost quarter-
rotational symmetry and n25, I became aware that the nine configura-
tions with minimal symmetry miss have their misses only on the long-
diagonals. Due to this observation I had the idea to introduce a further
symmetry class for n odd, near, which consists of quarter-rotational sym-
metric configurations, apart the long-diagonals which may have only half-
rotational symmetry. Such a configuration belongs to the class rot2, except
it has a higher symmetry, which put it into the class dia2. With the dis-
covery of this class, now large configurations could be generated for odd n,
too.
My results, subdivided into symmetry classes, are presented in the
following table. A numerical entry in this table indicates that all solutions
for that symmetry and the corresponding value of n have been found. A
dash indicate that some solutions are known. If n is odd then there are not
any solutions in classes ort1, ort2, rot4, and full by reasons of symmetry.
The heading total in the second column means the sum over the proper
symmetry classes for fixed n. The heading near indicates the special class of
configurations that almost have quarter-rotational symmetry, i.e. only the
long-diagonals have half-rotational symmetry.
The entries in column ort2 (resp. full ) are 0 for n50 (resp., 82). Those
in column rot4 for n=28, 30, ..., 42 are 58, 92, 101, 172, 281, 337, 541, 746,1
and are positive for even n52. The numbers in class dia2 for 26n45
are 0, 0, 0, 1, 1, 2, 1, 0, 0, 1, 1, 0, 1, 0, 0, 0, 1, 0, 1, 0. Moreover, in the
column near for n=27, 29, ..., 39 the numbers are 9, 8, 5, 14, 23, 21, 33 and
are positive for odd n45.
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1 In [1] there are wrong numbers given for n=30 and 32.
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Number of Configurations
n total iden dia1 ort1 rot2 dia2 rot4 ort2 full near
1 0 0 0 0 0 0
2 1 0 0 0 0 0 0 0 1
3 1 0 0 0 1 1
4 4 0 0 1 1 1 0 0 1
5 5 3 2 0 0 0
6 11 4 0 0 2 2 3 0 0
7 22 11 1 10 0 0
8 57 40 5 1 7 0 4 0 0
9 51 41 3 7 0 1
10 156 132 3 0 13 1 6 0 1
11 158 122 6 30 0 0
12 566 524 3 0 33 2 4 0 0
13 499 407 9 82 1 0
14 1366 1284 5 0 61 3 13 0 0
15 3978 3681 13 283 1 0
16 5900 5683 14 0 189 1 13 0 0
17  12 282 0 1
18  14 0 328 2 7 0 0
19  16 594 0 2
20  17 0 675 2 2 16 0 0
21  13 2413 0 1
22  18 0 1248 1 8 0 0
23  34 3968 1 1
24  43 0 2852 2 23 0 0
25  55 8983 2 3
26  1 0 36 0 0
The most remarkable entry is in the last row n=26 with symmetry class
ort1 which indicates a sixth configuration having reflection symmetry in a
mid-perpendicular. Further information is available in [3].
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2 In [1] the number 693 includes those 2 and 16 in class dia2 and rot4 wrongly.
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Fig. 1. Pictoral versions of some new configurations
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Fig. 1Continued.
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